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Abstract-The blast crisis is a regularly observed transition between two forms of mye- 
locytic leukemia, chronic and acute. It is generally believed that the two phases of the 
disease reflect cellular transformations of different nature. I have earlier proposed that 
the capacity of self-renewal in vivo is common to several cell compartments. and that 
feedback interactions adjust the relative probabilities of maturation and replication of 
the “committed” as well as the pluripotential cells. On this basis, I present mathematical 
models of chronic myelocytic leukemia, suggestin? that both phases of the disease can 
arise and evolve solely from a progressive decline m a single clonal characteristic-the 
strength of interaction of hemopoietic cells with their inducers. 
INTRODUCTION 
Chronic myelocytic leukemia (CML) is characterized by a prominent overproduction of 
granulocytes in the bone marrow[l, 21, related to an expansion of the progenitor popu- 
lations[l]. There is evidence for the operation of granulopoietic regulatory factors[l, 3, 
41 and the observed cases of cyclic granulopoiesis have been taken as evidence for the 
operation of feedback regulation in CML[j]. The acquisition of malignancy appears to 
result from a multistep process involving successive cellular alterations[6, 71. Thus, the 
progress of CML may fit into a general scheme of “slipping control” and represent “leu- 
kemogenesis in slow motion” [S-lo]. 
Ultimately, the hyperplasia of the stable phase of CML develops into the highly ma- 
lignant blast crisis phase[ 1 l-131 which is characterized by the emergence of large numbers 
of blasts showing poor differentiation and poor proliferation. The onset of the acute dis- 
order is accompanied by changes in the growth patterns of marrow cells in semisolid 
cultures which accentuate previous changes quantitatively[l4]. Because of the large dif- 
ference in the multicellular composition and patterns in vivo, it is generally believed[lj] 
that a specific cell transformation (“blast transformation”), causing “maturation arrest” 
or “maturation block,” is responsible for the observed transition, although a causal re- 
lationship to previous events has been suggested@, 10, 161. 
Mathematical models often aim at assessing the minimal set of assumptions consistent 
with a given set of data. This communication addresses itself to the following question: 
What changes are sufJicient to convert a normal cell population into a leukemic one and 
to cause the subsequent changes of phenotype? I shall demonstrate that in CML the genetic 
alteration of a single kinetic characteristic of an early hemopoietic cell may be sufficienr 
to initiate the progression of CML and the development of the inevitable blast crisis. 
Accordingly, the apparent breakdown of normal regulation during the blast crisis occurs 
at the cell population level and cannot be accounted for solely by a discrete “maturation 
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block.” The focus in this article is on the translation of hypotheses about the biologic 
phenomena into simple deterministic mathematical models. The considerations leading 
to the hypotheses and the biologic implications are presented in detail elsewhere and are 
here only briefly outlined. 
INITIAL HYPOTHESIS: CELLULAR INDUCTIVITY AS A STATIC PROPERTY 
Basic assumptions 
Hemopoietic cells are often pictured as being either terminally differentiated “end” 
cells that perform a specific function; committed progenitors or precursors; or pluripo- 
tential stem cells. This convenient classification is artificial, and in fact-starting in the 
fertilized egg-cells are on a continuum of differentiation and commitment to an ever- 
narrowing spectrum of functions. Stem cells and progenitors alike are embedded in this 
continuum. 
Besides convenience, another basis for this classification is the widely held conception 
that pluripotential cells can either self-renew or start a program of differentiation, whereas 
committed precursors cannot seif-renew -they only divide a limited, genetically-prede- 
termined number of times, maturing as they head for the terminal state[l7, 181. 
Recent experimental evidence is at variance with the self-renewal distinction. Available 
data indicate that pluripotential stem cells are a heterogeneous population, and that they, 
as well as committed cells, exhibit variable regeneration (for references, see [19]). Pre- 
cursor cells maturing in the bone marrow can add cell generation cycles in response to 
increased peripheral demand. Also, mature T cells and other committed progenitor cells 
self-renew in vitro for long periods of time. 
Thus, committed cells-and possibly pluripotential cells-exhibit flexibility by ad- 
justing the ratio of self-renewal vs. maturation in response to external conditions both in 
vitro and in vivo. The observations of flexibility and adjustment suggest feedback regu- 
lation[ 19-211, so a dynamic model of hemopoiesis has been offered. The basic assumptions 
can be listed as follows: 
(1) The relative probabilities of maturation and self-renewal of hemopoietic cells in any 
mitotic compartment are subject to external regulation (namely, by other cells and 
factors). 
(2) The relative probabilities of maturation in all mitotic compartments in the bone marrow 
increase with the size of the mature cell compartment. This mode of feedback regu- 
lation was termed “balance of growth.” 
(3) Increased cell density also has a negative effect on hemopoietic cell growth. This 
relatively non-specific feedback suppression mode is normally secondary to the bal- 
ance of growth but becomes potentially significant in hyperplasia (“cell crowding”). 
A mathematical representation of assumptions (1) and (2) suggests a hierarchy of cell 
maturation compartments, such that the earlier (more primitive or less differentiated) cells 
possess a lower sensitivity, or responsiveness, to external regulation120, 211. This hier- 
archical structure, in terms of a quantitative trait (responsiveness), rather than a genet- 
ically predetermined, absolute restriction, is sufficient to account for the “transitory” 1171 
nature of maturing progenitors (at steady state) in vivo. Similarly, the difficulty of dem- 
onstrating long-term self-renewal in culture may reflect predominantly a consequence of 
culture conditions rather than an absolute inherent limitation[l9]. 
The possible biological mechanisms underlying the hypothesized regulatory interac- 
tions, the identity of the cells and factors involved, and the interrelationships among 
different cell lineages are out of the scope of this presentation. For further discussion see 
[191. 
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This requires some additional assumptions and specifications. In particular, in each 
compartment, the commitment of a cell either for self-renewal or maturation has been 
postulated to require a preceding activation event (see Fig. 1). In the figure, S represents 
stimulation, which is provided in part in a feedback fashion by post-mitotic marrow cells 
(Z), and in part constitutively from intracellular and microenvironmental sources. S acts 
with different interaction strengths on cells belonging to different compartments. i is the 
maturation compartment number (n compartments altogether), X denotes resting (Go) 
cells, Y denotes activated (G,) cells, 3 and + stand for state transitions with and without 
division, respectively. In the model, maturation (Yi ---, Xi+ i, or Yn + Z) depends on S 
more than self-renewal (Yi + Xi) does (assumption 2). The transitions are stochastic at 
the single cell level, as proposed for stem cells[22], but are described in terms of (average) 
rates at the cell population level. The heterogeneity associated with different cell lineages 
is not considered explicitly in this schematic model. 
Finally, Fig. 1 indicates the possibility to incorporate in the model a “source” of stem 
cells, supplying Xi cells at a fixed rate. Such a source might represent a fixed number of 
primitive cells dividing within “stem cell niches”[23]. The “positional information” the- 
ory of Wolpert[24] as well as Schofield’s “stem cell niches” hypothesis[231 suggested 
that a cell may be a stem cell only by virtue of its position. In the present scheme, primitive 
stem cells are dynamically protected from over-maturation-as well as from aberrant 
growth-by their very “primitiveness” and by the feedback-type coupling to differentiated 
cells. The hypothetical existence of “protective niches” is neither the primary cause for 
continuous self-renewal nor an obligatory requirement. They could, though, play an im- 
portant role in reducing the risk of phenotypic destabilization and development of leu- 
kemia, as will be discussed in the next Section. 
Since the purpose of a mathematical model here is to illustrate and support theoretical 
arguments in evaluating possible modes of regulation, and not to mimic the natural phe- 
nomena in great detail, a highly simplified description is justified. Hence the choice of 
linear and bilinear functions of the variables. x, y , z, and s now represent relative densities 
of cells and inducers in the equations below. For simplicity, s(t) is replaced by 5; + a/Z(t) 
in the terms representing cell activation rates from Go to G, (superposition of constitutive 
and feedback parts) and by ai z( t) for maturation rates (neglecting constitutive maturation). 
01 is the inflow rate of cells from the (optional) stem cell source into the first compartment. 
The per-cell rate of transition from G, to the s-phase (towards mitosis) is assumed to be 
the same constant b for all compartments. c is the per-cell rate of release of mature cells 
Fig. 1. Balance of growth model. 
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from the marrow into the circulation, presumably geared to peripheral demand for func- 
tional cells. The factor 2 corresponds to doubling in the number of resting cells by mitosis, 
and pi are (constitutive) amplification factors associated with cell divisions that are an 
obligatory part of the maturation steps. It is not clear whether constitutive replication 
really occurs, but the factors pi may be required anyway if the heterogeneity of the clone 
is underestimated, to account (approximately) for compartments which are not included 
in the model explicitly. Nonspecific density-dependent suppression is represented by a 
positive, monotonically increasing per-cell rate function, f(N), of the total cell density 
N, where N = Ci(xi + yi) + z. In numerical simulations, this function is chosen as f(N) 
= (N/NY’, where N is a measure of the capacity of the bone marrow and p reflects the 
“steepness” of its resistance to increasing cellularity (p > 1). Finally, T and 7: are time 
delays associated with cell division and with cell maturation, respectively. (Notations: t 
is time; k(t) is drldt, etc; and 6il = 1, for i = 1, 6il = 0 for i > 1). The equations are: 
-ii(t) = -(Zi + UiZ(t))Xi(t) + 26J,i(t - T) + 6i]CX 
+ (1 - &;i)pi-laf-lyi-l(t - T:-,)z(~ - TI-1) - f(N)xi, (la) 
gi(t) = (i?j f Uiz(t))Xi(t) - U:z(t)yi(t) - byi - f(N)yi(t) (lb) 
z(t) = p,UAz(f - T;)Y,(~ - T;) - cz(t) - f(N)z(t); i= l,...n. (lc) 
It is assumed that under normal conditions f(N) is negligible. There are several constant 
steady state solutions characterized by different numbers of non-vanishing compartments. 
These can be classified by a numberj denoting the first non-vanishing population, such 
that xi0 = yio = 0 for 1 < i < j. For j = 1 (a fully populated clone) we have, if cx = 0 
and f(N) = 0: 
ZO = b/U;, _Y& = ClPnUi, yi-1.0 = [(a: - C7;)/fJi-la:-llyiO7 (2) 
Xi0 = [b(Ul + U;)l(bUi + U;Tii)]yil). 
We note a number of significant consequences. (a) xi0 and yio are proportional to c, for 
any i. Thus, the system responds to increased peripheral demand by proliferation, as 
observed, even with no direct signals involved. (b) The number of mature cells depends 
on the maturation-rate constant of the earliest compartment in the series. Hence, although 
the system does not absolutely depend on primitive stem cells for self-renewal, as is 
commonly asserted[l7], its performance is affected by the coupling to these cellskl91. (c) 
Feasibility requires yi_. 1,o > 0, and consequently ai > a; for i > I. This is consistent with 
the observed hierarchy within hemopoietic clones[l7]: The general observation is that 
both a: and ai of progenitors increase with i (shorter Go times, faster maturation). From 
Eq. (lb), the probabilities of maturation and regenerative replication for an activated cell 
are, respectively, Pi(M) = LZ~~~(L$Z + b) and Pi(R) = bl(a:t f b). At steady state, P,(M) 
= PI(R) = 0.5, and Pi(M) > P,(R) for i > 1. Hence, the most primitive cells are dy- 
namically adjusted to be self-renewing while cells in more differentiated compartments 
are forced to be transitory[l9]. (d) A consequence of the requirement of a separately 
regulated cell activation step prior to self-renewal or maturation is that the relative prob- 
ability of self-renewal does not directly depend on the activation rate. This can explain 
several empirical observations and leads to further predictions. For example, stimulation 
of DNA synthesis by stem cells (CFU-S) in culture[25] or in vivo[26] does not necessarily 
lead to a parallel increase in the rates of mature cell production. The proposed explanation 
is that enhanced activation rate alone will simultaneously increase the rates of division 
and maturation, not changing the ratio between them and therefore not affecting hemo- 
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poiesis significantly. Inducers that affect activation rates but do not induce differentiation 
can have a “mitogenic” effect[27]. The relative contributions to population self-renewal 
of the earlier and later cell compartments are predicted to undergo dramatic changes during 
transient, non-equilibrium stages when z Q z. (e.g., following partial depletion of the 
marrow or a sudden increase in peripheral demand). The regenerative activity then can 
be shown to be greater for larger ai-compartments, e.g. by solving (la) and (lb) for fixed 
z, z < zo. This prediction is contrary to the “dogma” in the field[l7]. However, “the 
relative contributions to normal hemopoiesis of self-renewal of committed progenitor cells 
versus an influx of committed progenitors derived from pluripotential stem cells are 
undergoing some reassessment” [28]. 
Leukemia, cell cro\r,ding and uncoupling of cell populations 
Equation (2) shows that, in the absence of cell density control, the numbers of mature 
cells as well as of dividing (Gi) cells are inversely related to the maturation rate constants. 
ai’. This suggests that chronic leukemia stems from a reduced cellular responsiveness to 
maturation signals. The underlying biologic mechanism could be direct (e.g., reduced 
numbers, or activity, of receptors for differentiation factors, or lower levels of transduction 
of the membranal signals) or indirect (e.g., increased numbers, or activity, of receptors 
for other growth factors, or impaired microenvironment). In line with the current bed! 
of evidence, I shall suppose that the change originated in a transformed early cell and 
propagates through the clone by proliferation and maturation of the original cell and its 
progeny. It is convenient to define a common clonal measure of responsiveness k, such 
that al = ktij, with 0 < k < I. k was named “inductivity” [ 19-21, 291. For normal clones 
k = 1; k = 0 at the limit of a complete maturation block; and cells in the intermediate 
range manifest different degrees of maturation arrest, in a quantitative sense. 
Proposition I: C51L results from reduced clonal inductivity. 
From Eq. 2, Z tends to infinity as k approaches zero. At a: = 0, however, zo = 0 (Eq. 
lc). This singularity exists only in the approximation f(N) = 0, which is not valid for 
large N. The singularity is removed when the suppression terms are included, with f(h’) 
increasing linearly or faster to ensure the boundedness of the steady states for all k. The 
set (x0. yo, zo; k) of steady states in the interval 0 s k < 1 is then a closed set and Z. is 
continuously approached as k + 0. 
The solution z. = 0 of Eq. (1) is feasible and can be shown to be locally stable for a 
finite range of small positive k[21]. The steady state values of other non-vanishing cell 
populations must then satisfy the following set of equations 
(b + foY(b - fo) = a;; fo = f(No), (3) 
as can readily be seen. Consequently, if the nj are different from each other, only solutions 
with a single non-vanishing population are possible; and only the one with the largest Ci 
will be a stable solution. 
The above considerations can be summarized as follows. The steady state values 3. 
yio (but not ~~0, unless a; are also proportional to k) are proportional to Ilk, for any i. Lf 
f(N) becomes significant only for large N, then when k is gradually decreased all com- 
partments increase at first, but eventually z. must fall steeply to zero (see Fig. 2). The 
progenitor populations undergo a process of selection, which is survived by one dominant 
compartment approaching a saturation level. This general course of events closely par- 
allels the progression of chronic leukemia into the blastic crisis once it is assumed that. 
for some reason, the disease is indeed characterized by a progressive decline in inductivity. 
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Fig. 2. The steady state levels of mature (zO) and immature cells (x0 + yO) as functions of inductivity. The steady 
state equations derived from Eq. (I) were solved numerically for n = 1, d = 0, al = a\ = c = 1,7ir = b = 
IO, p = 2. f was chosen as (IV/~)~ with p = 1 and 7 = IS. zo and x0 + y. rise continuously until a\ becomes 
0.25-0.2 of normal. At this stage z. falls very rapidly to zero while x0 + y. reaches a maximum level. 
Proposition II: The blastic crisis results from a progressive decline in clonal 
inductivity. 
Several implications and issues touched by the former analysis will now be briefly 
considered. (For further discussion of the biologic issues, see [29].) (1) Normal cell clones 
are suppressed in a process of dynamic competition with the chronic leukemic cell clone: 
The growth advantage of established leukemic cells is due to their lower inductivity. Thus, 
the level of leukemic z cells which stabilizes the CML clone induces over-maturation of 
normal stem cells and their progeny. Cell crowding is seen as a secondary factor in this 
process of clonal selection. (2) When the substitution al = k& is made in Eq. (2), yio, 
but not xi07 are inversely proportional to k. Hence the ratio yio/xio increases as k decreases, 
so that relatively more stem cells and progenitors are in cycle in CML as compared to 
their normal counterparts. This is compatible with the observation[l5]. This, however, is 
a cell population effect, and the ability of individual leukemic progenitors to proliferate 
in a culture assay is not elevated-also in accord with the findings[l5]. (3) It was dem- 
onstrated, by numerical simulations, that a simple mathematical representation of the 
model is capable of manifesting periodic solutions, for a range of the parameters within 
the stage of CML[Zl]. The emergence of periodic (“cyclic”) hemopoiesis in CML is 
documented and is probably quite common[30]. (4) If af > a; > a;, for i > 2, then an 
uncoupled steady state of the type j = 2 is feasible, namely, one in which xl0 = ylo = 
0, and xio, yio, zo are positive for i > 1. It has been shown[21] that this uncoupled state 
is unstable if f = 0. Thus, within the balance of growth mode of regulation, it is their 
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lower responsiveness that stably couples the primitive progenitors to the rest of the clone, 
in spite of their slower cycling rate. By inference, the hierarchy in which nl-1 < al for 
all (or most) values of i, i > 1, endows extra stability to the coupling of each compartment 
to the next one in the series (compartments are of course coupled to the preceding ones 
through intra-lineage relationships). It has also been shown[21] that if f > 0, the state of 
uncoupling can be locally stable for certain values of k. In particular, as will be argued 
in the next section, for certain choices of the model’s parameters, reducing k leads to 
uncoupling of one or more early compartments before the fall of z and the total collapse 
of the coupling between compartments (i.e., the onset of the blastic crisis). The possibility 
of uncoupling during the evolution of CML is of significance in evaluating the potential 
reversibility of the disease, which may depend on the question whether the original leu- 
kemic stem cells are functional or not (as well as it depends on the availability of normal 
stem cells). (5) In the present model, the dominant blast population is the one possessing 
the largest activation rate. A more elaborate model would allow also for some constitutive 
induction of maturation imposing an additional (and opposite) requirement, of relative 
insensitivity to maturation signals, on the dominant cells and generating certain hetero- 
geneity within the blast cell population. Only a fraction of the blast cells found in patients’ 
blood may belong to the “clonogenic” subpopulation. (6) In the model, the blastic crisis 
occurs at values of the inductivity that are significantly reduced, compared to normal. 
but are still finite. The evidence on the differentiative capacity of blastic crisis myeloblasts 
is scarce. Of particular interest are observations on the onset of blastic crisis in a recently 
established guinea pig model of transplantable CML[31]. When cells from an animal in 
the blastic crisis stage, in which the hemopoietic cell population is already dominated- 
but not exclusively populated-by blast cells, are transplanted into a healthy animal, the 
model predicts that a chronic-leukemic state will develop initially in the recipient rather 
than a blastic crisis: since the blastic phase in the donor is associated closely with cell 
crowding, the balance of growth mode of regulation should be operative in the normal 
environment of the recipient before cell crowding and inter-compartmental selection take 
over. This is exactly what has been found experimentally[29, 311. 
MODIFIED HYPOTHESIS: INDUCTIVITY AS A DYNAMIC V.%RIABLE 
The hypothesis as formulated above departs in two significant (and interrelated) ways 
from most currently held hypotheses: (1) It requires only one type of qrtaruitative change 
in the fhnction of individual cells to explain both CML and the blastic crisis; and (2) it 
attributes a more dynamic role to cell crowding. Crowding is usually envisioned at most 
as a factor in the growth-limiting microenvironment, imposing competition among normal 
and transformed clones and leading to successive selection of more competitive newly 
emerging clones. In the present approach, cell crowding interferes with the stability of 
the dynamic coupling between cell compartments and facilitates intra-cfonnl competition. 
It has been suggested that chemotherapy should focus on the “clonogenic” leukemic 
cells[lO, 321. A corollary of the present interpretation is that the “clonogenic” cells in 
the blastic phase are not directly selected by any particular genetic alteration[321; they 
emerge as a dominant sub-population in a systemic process. This would make these cells 
a rather elusive “moving target” [29]. 
No explanation has been offered by the model so far as to what causes the progressive 
decline in cellular inductivity. Genetic or chromosomal aberration(s) appear to be the 
initiating event in CML and several other leukemias. There is ample evidence that the 
development of the disease follows a rather consistent and predictable pattern. The rates 
of progression, however, differ considerably among different classes of CML and also 
among individuals[B-131. The progression of the disease is usually “explained” by pas- 
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tulating a series of genetic transformations, causally related to the initial event and to 
each other@-1 1, 15, 161. In the following, an alternative (or complementary) interpretation 
will be put forward and explored theoretically, based on the proposition that the subse- 
quent phenotypic changes in individual transformed cells are affected, directly and in- 
directly, by their interactions with other hemopoietic and stromal cells. The only new 
assumption to be made is about the variability of the inductivity phenotype. 
Proposition III: The inductivity of hemopoietic cells residing in transitory compart- 
ments declines slowly. 
Several comments and specifications are in order: (a) “Slowly’‘-as compared to transit 
rates through compartments. (b) It may be noted that the proposed decline is not nec- 
essarily restricted to transformed cells. Whether normal or transformed, the magnitude 
of the decline a cell may experience during the transit time through a particular com- 
partment is generally insignificant. Thereafter its inductivity undergoes “up-grading” in 
accordance with its new state in the hierarchy of maturation (see above). and so on. 
Eventually the cell reaches terminal differentiation state and/or leaves the tissue. It is 
possible, though-but not essential for the present argument-that the probability of 
decline (per cell, per time-unit) is larger for genetically transformed cells. In addition, the 
extended transit times of these cells increase the integrated probability per cell. (c) Bi- 
ologically, the most important issue is the mechanism that might be responsible for the 
proposed phenotypic variability. “Genetic instability,” resulting from the original genetic 
event, is one such mechanism. More intriguing is the hypothetical mechanism which I 
shall call “phenotypic adaptivity through inheritable epigenetic effects” [29]. Accordingly, 
normal as well as transformed cells (mitotic and not fully differentiated) possess the ca- 
pacity to change their phenotype, in more than one way, in response to microenvironmental 
factors and to transfer the change to their progeny. At the molecular level, such changes 
could be mediated by changes in the patterns of DNA methylation[29] which are known 
to be associated with gene activation[33]. The phenotype of interest here is inductivity. 
Apparently normal cells maintained in culture often appear to acquire an increased self- 
renewal capacity or, equivalently, reduced sensitivity to maturation pressures. In other 
cases, hemopoietic cells appeared to respond in this way to modification of the microen- 
vironment[34]. (d) The inductivity of self renewing stem cells in the first compartment is 
not supposed to be undergoing a process of down-regulation as is that of transitory cells. 
Unlike the transitory cells, stem cells are in stable phenotypic equilibrium with their 
microenvironment (as long as that one does not change significantly). Stability might be 
promoted by the long Go-times of these stem cells, allowing for effective DNA repair 
(“genetic housekeeping”)[ 171, or by the supportive stromal environmentL231. (e) The 
hypothesized down-regulation of inductivity could be enhanced by cell crowding. In- 
creased cell density is known to promote selection of fibroblast cell lines possessing high 
self-renewal capacity. Other phenotypic changes in hemopoietic progenitor cells have 
recently been found to be facilitated by increased cell density[27, 3.51. In the following I 
shall assume that the rate, or probability, of decline in inductivity of transitory hemopoietic 
cells is directly related to their density. (f) Uni-directional variation of inductivity as such, 
even if promoted by transformation and by cell crowding, is not likely to be the cause of 
significant modification in the system’s behavior, given the slow rate of the systemic 
change and the transitory nature of the cells. (That is, assuming that the phenotypic change 
at the single cell level occurs in small steps rather than as large but rare genetic events.) 
However, in combination with the distortion of the balance-of-growth cell distribution 
which is imposed by a certain level of cell crowding, the inherent variability of the in- 
ductivity is capable of destabilizing the balance among the compartments altogether. driv- 
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Fig. 3. The simplified model corresponding to Eq. (4). 
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ing the system towards a blastic crisis. This will now be demonstrated using a mathematical 
representation. 
To simplify the analysis and make intuitive understanding easier, consider the following 
highly simplified model (Fig. 3), where the dimensionality is cut down to a minimum. 
Resting (Go) and activated (Gi) cells are lumped together, and only three compartments 
are explicitly considered: a stem-progenitor cell compartment xl, blast cell compartment 
x2 9 and mature cell compartment z. Per-cell proliferation rates, 0~~ and (~2. are assumed 
to be fixed (constitutive). The per-cell maturation rate of stem cells has a constitutive 
component, 6i, and a feedback component, Biz. The per-cell maturation rate of blast cells 
is p2z, with no constitutive component. B, and 6, are fixed and proportional to the nominal 
inductivity, k, of the clone (k = 1 for normal cells). BZ is a dynamic variable, like the 
relative cell numbers, but includes a nominal fixed contribution, pZ, which is the coefficient 
associated with newly differentiated blasts. Thus 6, = 6?k, f3, = Pyk, & = @k, 0 s k 
s 1. y is the per-cell release rate of mature cells, and f(N) is the density-related per-cell 
suppression rate, where f(N) = (NIN)P, and N = xl + x2 + Z. Time delays are neglected. 
Equations (la)-( lc) are replaced by 
-i,(t) = (OLI - 61 - P1z(t) - f(N))*~,(f), (4a) 
k,(t) = (6, + plz(t))x,(t> + (a2 - f32(t>z(t) - fbv)*~,(t), (4b) 
i(t) = @z(th(f) - Y - fW)Mt). (4c) 
By Proposition III, each blast cell undergoes down-regulation of its inductivity, which is 
initially Dz, and the probability of maturation of a given cell at a given time depends on 
the time already spent (or number of divisions performed) within the compartment. The 
proper way to proceed is to associate with each blast cell an individual maturation rate 
variable B2r, to define a probability-density function, n2(t, Bzr), such that J nz(t, Bx) dBZt 
= x2(f), and to replace Eq. 4b by a partial differential equation for n2, based on a specific 
assumption about the rate of change dB2i/dt of pZl. This procedure, however, would 
complicate the analysis considerably, and I have chosen instead to complement Eqs. 4a- 
4c by an ordinary differential equation for B2(f), the average maturation rate coefficient 
of blast cells, as an approximation. The argument goes as follows: 
Consider the change dBZ in the average value B2(f) during a short time dt. This change 
has two contributions, which to first order are independent: a negative one due to the 
inherent decrease in inductivity; and another one due to the change in the relative numbers 
of cells characterized by pz and (on the average) by B2(r), respectively. Thus, dP2 = 
(dBAinherent + (dBAexchange. The simplest choice of the first contribution, which also 
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takes acount of comment (e) above, is of the form 
(d&)inherent = -~zx2(t)P~(t) dt, Va) 
with (p2 a constant. If we denote the inflow rate from the first compartment by Z,(t) and 
the overall rate-of-change of x2 by AZ(t), then, using Eq. (4b), the average value of PZ at 
the time f + dt is given, to first order, by 
Pz(t -t dt) = [&Z,(t) dt + Pz(r)(Xz(t) + (A,(t) - Z,(r)) dt)]lXz(r), (5b) 
(dPz)exchange = [&Z,(t) + P2(f)(A2(f) - Z,(r))] dtlXz(t). (jc) 
From (5a) and (5c) we obtain, by rearranging, 
Pzw = -wz(op2(t) + z,(t>(pz - pz(t))lx,(t> + pz(t)A2(t>lx2(!), (44 
where II = (61 + p,z)X, and A2 = I, + (CY~ - pzz - f(N)X2. 
The interpretation of Eq. 4d is straightforward noting that at steady state X2 = 0 and A2 
= 0. Thus PZ is affected essentially by two opposite processes, the down-regulation of 
the individual cells’ inductivity, and the inflow of cells with a nominal inductivity acting 
to “wash out” the cells with a modified phenotype. When ‘p2 = 0, Pz(t) approaches Dz, 
and if II = 0, P*(t) approaches zero. Numerically, cpz is chosen such that the first term 
on the r.h.s. of (4d) is normally much smaller than ZIp21X2, or (F?X~ 4 II/X2 (down- 
regulation rate much slower than turn-over rate). The following considerations are not 
significantly affected by the form of the down-regulation term or by the actual value of 
cpz. 
Equations 4a-4d have three constant steady state solutions: 
(i) XI0 = X2, = 2, = pzO = 0. This solution is locally unstable, as can be easily shown. 
4.17. I 
I 
0.637 k,, 
\ 
\ 
\ 
h 
0.275 
lnductivity 
Fig. 4. Steady states for Eq. (4) as functions of the inductivity. (x, = 0.6, a2 = 1, Sp = 0.2, y = 0.3, pp = 0.05, 
ps = 0.3, 92 = 0.02, Fi = 10, p = 4. 
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(ii) Xi0 = Z0 = 13z0 = 0, X20 = h! 0~:‘~. This solution is locally stable for any k, 0 s 
k s 1, if CY? > cyI - 6,. This condition is compatible with the conjectured (and observed) 
hierarchy discussed in the previous section (accordingly, a2 > aI and & > pi). Thus, the 
blastic state is feasible and locally stable even for normal inductivities. 
(iii) All the variables have positive steady state values (a fully populated clone). This 
solution, as before (see Fig. 2), generally becomes nonfeasible for a finite range of small 
positive k. As k is decreased, Z0 increases and reaches a maximum at some value kth of 
k and then falls down, and the whole set of variables approaches solution (ii) (Fig. 4). 
However, as demonstrated by numerical simulations of Eq. (4) for several values of k, 
destabilization of steady state (iii) occurs at or near krh. 
Figures 5-7 illustrate such simulations. At t = 0 the population consisted of a normal 
clone, Xi, X2, and Zi (k = 1) and of a leukemic clone, Y,, Yz, Zz(k < 1) at a ratio of 
100: 1. (Note the change of notation). Now Z = Z, + Zz and N = Xi + X2 + Yi + Yz 
+ Z. The curves show the outgrowth of the leukemic populations and the suppression 
of the normal ones (only the total number of z cells is indicated). In Fig. 5, k = 0.6 (just 
above the threshold) and the picture is that of a chronic state (with increased proportion 
of stem cells and blast cells, though, as compared to normal). In Fig. 6, k = 0.5 (just 
below the threshold) and a blast crisis is shown to emerge following a transient (-100 
days) chronic stage. In Fig. 7 k = 0.35, and a blastic crisis develops during a shorter 
period, with only a brief transient phase of mature cell hyperplasia. In similar simulations 
cpz (the down-regulation coefficient) or 6, (the constitutive maturation rate) were changed, 
or a constant source term [see Eq. l(a)] was incorporated into Eq. 4a. No significant 
change was observed in the above described pattern. 
These results can be summarized by the following proposition, in terms of the relation 
between the steady state value oft and k: 
Proposition IV: In the model represented by Eq. (4) ( an d in similar models), the inter- 
compartmental coupling is unstable if dz,,(k)idk < 0. 
It may be noted, that destabilization did not occur because of the accumulation of 
phenotypic changes (i.e., reduced k) in any particular cell or subclone. Only the average 
inductivity was declining, in conjunction with the decreasing proportion of z cells in the 
leukemic clone. 
It may now be conjectured that a CML clone, in a stage when the cells are still partially 
responsive to regulatory signals, may drive itself gradually towards an irreversible blastic 
state without requiring additional drastic, discrete genetic events. However, the route 
towards this threshold of instability is still unexplained. A series of genetic events may 
still be required here. Consider, however, a different new scenario. 
If cp~ is neglected in Eq. (4) (which may be justified in a parameter region where dzo(k)l 
dk > O), a fourth steady state exists: 
(iv) xl0 = 0, *x20 ’ 0, zo ’ 0, I320 > 0. 
Moreover, as k is decreased, this steady state may be feasible and stable while solution 
(iii) becomes non-feasible. Feasibility of (iii) is the requirement for x10(k) to be positive. 
It can easily be seen, by choosing simple functional forms for f(N) (e.g., a step-function), 
that this requirement may be violated even for moderately reduced values of k. If this 
occurs, the cells in the second compartment will now assume the function of self-re- 
newal[l7]. ~1 then cannot be neglected any longer: progressive decline in the inductivity 
and blast cell dominance are the inevitable consequences. This scenario can be generalized 
to the more realistic n-compartment case: An initial genetic event; moderate cell crowding 
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Figs. 5, 6, 7. Numerical simulation of Eq. (4) fork = 0.6, k = 0.5, and k = 0.35, respectively. Time in days, 
cell numbers (x-normal, y-leukemic) in arbitrary units. Parameters-same as in Fig. 4. 
and suppression (uncoupling) of an early primitive population; self-driven under-regulation 
of inductivity, associated with self-renewal of normally transitory progenitors; more 
crowding and uncoupling of additional early progenitors, etc. Eventually, the threshold 
of overall collapse (krh) is reached. 
In a version of the model that includes a source term for stem cells, this scenario cannot 
take place unless the source (i.e., the pool of “protected” stem cells, see above) is depleted 
first. The existence of such a source (proliferation within stem cell niches[23]?) effectively 
renders the first compartment transitory. Thus, association of stem cells with certain 
protective microenvironmental units, or niches, could be important in reducing the risk 
of stepwise phenotypic destabilization and of leukemogenesis. 
CONCLUSION 
Rare genetic events (for example, DNA mutations or chromosomal rearrangements) 
are probably responsible for the initiation of many tumors, including leukemias. There is 
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also ample evidence that a multitude of genetic aberrations can occur in the late stages 
of tumor development (or in established cell lines in culture). As is often the case in 
interpreting biologic phenomena, the question is one of cause and effect. Do secondary 
genetic events lead the development of the tumor, or are they more often a consequence 
of the onset of extensive self-renewal in a cell population which is normally transitory’? 
The accumulation of genetic modifications is much more likely to occur in a self-renewing 
population than in ,a transitory one. Understanding of the transition process between the 
transitory and the self-renewing phenotypes is thus crucial in probing carcinogenesis. 
The mechanisms responsible for the massive hyperplasia and for the development of 
the blast crisis in CML are poorly understood. The most generally accepted hypothesis 
for explaining the disease progression in CML proposes that this progression is due to 
the development of genetic instability in the leukemic cells. This instability further results 
in step-wise genetic changes and clonal evolution in the leukemic cell population. This 
model leaves unexplained certain important characteristics of the disease[l9]. In this study 
I have used mathematical considerations to analyze and describe the consequences of a 
new hypothesis which offers a more comprehensive explanation for the pathogenesis of 
CML[ 19-21,291. It is demonstrated how an initial hereditary event in an early hemopoietic 
stem cell, through its effect on the structure of the tissue, feeds back onto the individual 
members of the clone, resulting in a cascade of dynamic changes which can lead to blast 
cell dominance. 
The models presented here are amenable to several kinds of elaborations and exten- 
sions. It has been proposed that the apparently “de novo” generation of acute leukemias. 
not preceded by a detectable phase of (macroscopic) hyperplasia, may be essentially a 
localized version of a blastic crisis[l9]. It would be of interest to define the conditions 
that would favor localized and/or fast cell population uncoupling. Other scenarios for 
population uncoupling could be envisioned and studied. For instance, it has been suggested 
that acute leukemias could develop also out of a hypoplastic hemopoietic tissue (due. 
e.g., to impaired microenvironment), under conditions of under-regulation (weak inter- 
compartment coupling)[ 191. 
On the mathematical side, several questions are open. The stability of the steady states 
has not been fully characterized. More general mathematical representations of the hy- 
potheses can be constructed, to eliminate unnecessary specifications. 
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